Introduction
We begin by describing our setting and establishing the terminology. By a riemannian manifold (M, g) we will mean a complete, connected, infinitely differentiable riemannian manifold. We will view geodesics in (M, g) as curves, c : I → M, parameterized by arclength, where I ⊂ R is any nontrivial interval. The set c(I) ⊂ M is the trace of c. If I = [a, b], we will also say that c(I) is a geodesic segment; the points x = c(a), y = c(b) are the endpoints of the geodesic. If z ∈ M is an interior point of c(I), we say that c passes through z.
For any pair x, y ∈ M (including y = x) let G(x, y) be the set of geodesic segments in (M, g) with endpoints x, y. We say that these geodesics join x with y. A finite set B ⊂ M \ {x, y} is a blocking set for the pair x, y if every geodesic in G(x, y) passes through a point b ∈ B. We will also say that B blocks x and y away from each other.
A pair x, y ∈ M is insecure if these points cannot be blocked away from each other. Otherwise, the pair (x, y) is secure. A riemannian manifold is insecure if it contains an insecure pair of points. Thus, (M, g) is secure if any point in it can be blocked away from any point, including itself. Finally, (M, g) is totally insecure if every pair x, y ∈ M is insecure. See [Gut05] for a motivation of this terminology.
Which compact riemannian manifolds are secure? The only examples so far are the flat manifolds [GS06] . Researchers in the subject believe in the following statement [BG08, LS07] .
Conjecture 1. A compact riemannian manifold is secure if and only if it is flat.
Restricting the setting, we state a counterpart of Conjecture 1 for tori.
Conjecture 2. A riemannian torus is secure if and only if it is flat.
In this note we obtain several results concerning security of closed riemannian surfaces. In particular, we establish Conjecture 1 for twodimensional tori. See Theorem 6.4.
Theorem 1. A two-dimensional riemannian torus is secure if and only if it is flat.
Security and insecurity are preserved under finite coverings [GS06] . This observation allows us to restrict the discussion to orientable manifolds. Our next result concerns the insecurity of closed surfaces of genus greater than one. See Theorem 9.7.
Theorem 2. A closed riemannian surface of genus greater than one is totally insecure.
Since surfaces of genus greater than one do not admit flat riemannian metrics, this Theorem provides evidence for Conjecture 1.
An insecure manifold, in particular, a nonflat two-torus, may have secure pairs of points. In section 7 we analyze the security of point pairs on two-dimensional tori of revolution. This class of riemannian tori contains the round euclidean tori of revolution T 2 ⊂ R 3 . Let E in ⊂ T 2 be the inner equator. Our Corollary 7.3 says the following.
Proposition 1. Let T 2 ⊂ R 3 be a round euclidean torus of revolution. Let x, y ∈ T 2 be any pair of points. Then it is secure if and only if x, y ∈ E in .
Tori of revolution are special. By our Corollary 8.7, a generic riemannian two-torus is totally insecure. Here is the precise statement.
Corollary 1. The set of riemannian two-tori contains a C
2 -open and C ∞ -dense subset of totally insecure tori.
Conjecture 1 holds for locally symmetric spaces [GS06] . Moreover, compact locally symmetric spaces of noncompact type are totally insecure [GS06] . This is true, in particular, for compact surfaces of constant negative curvature. A geometric argument showing this is sketched in [GS06] . Let M be a surface as above, let x, y ∈ M be a pair of points, and let C ⊂ M \ {x, y} be a periodic geodesic. The argument in question constructs an infinite sequence of geodesics γ n ∈ G(x, y). As n → ∞, the geodesics γ n , their lengths going to infinity, spend almost all their time in ever smaller vicinity of C, never intersecting it. Thus, through any point z ∈ M \ {x, y} passes at most a finite number of geodesics γ n .
Our proofs of Theorem 1 and Theorem 2 use a similar idea, although the two approaches differ considerably in detail. Since we are working with arbitrary riemannian metrics, we cannot use the hyperbolicity of the geodesic flow, which was crucial for the analysis in [GS06] . Instead, we use the classical results of Morse [Mo] and Hedlund [He] , as well as more recent results [Ba1] , [Ba2] , [In] , on minimal geodesics in surfaces to construct infinite sequences of joining geodesics with a similar behavior. See section 4 and section 5. Our Proposition 6.1 says that once we have an infinite sequence of geodesics joining points x, y and satisfying certain conditions, the pair (x, y) is insecure. The strategy of proving Theorem 1 and Theorem 2 is to construct in each case sequences of geodesics satisfying the requirements of Proposition 6.1.
Another approach to insecurity for riemannian manifolds is based on connections between the insecurity and the growth rate of the number of joining geodesics. See [BG08] , [LS07] , and [Gut09] . This approach works well under additional assumptions, e. g., that the manifold (M, g) has no conjugate points. Then we can use the well known relationships between the growth rate of the number n T (x, y) of joining geodesics having length ≤ T and the growth of π 1 (M), as well as those between n T (x, y) and the topological entropy of (M, g).
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Rays, corays, and Busemann functions
In this section we review basic material on rays, corays and Busemann functions in riemannian manifolds. We will use the notation (M n , g) for riemannian manifolds, suppressing g and/or n whenever this causes no confusion. We denote by d(·, ·) the riemannian distance on M. We will view geodesics as parameterized curves c(t), t ∈ I, where I ⊂ R is a nontrivial, possibly infinite interval, and t is an arclength parameter. We will call the set c(I) ⊂ M the trace of c.
Definition 2.1. Let I ⊂ R be an interval and let c : I → M be a geodesic.
(c) Let c : R ≥0 → M be a ray, and let C ⊂ M be its trace.
A rayc is a coray to c if there exists a sequence of minimal geodesics
Throughout the paper we will denote by L(γ) the length of a curve. Equivalently, a geodesic c : I → M is homotopically minimal iff the following holds. Let s, t ∈ I and let s < t. Let γ : [s, t] → M be a curve satisfying γ(s) = c(s), γ(t) = c(t) and such that the curves γ and c| [s,t] are homotopic with fixed endpoints. Then
Throughout the paper we will use the following basic result. It is essentially due to M. Morse. See [Mo] , Theorems 9 and 10. Theorem 2.3. Let M be an orientable surface, and let c : R → M be a periodic geodesic with period L > 0. If the closed curve c| [0,L] has minimal length among all closed curves freely homotopic to c| [0,L] , then c is homotopically minimal.
Taking limits of minimal geodesics of finite length, we obtain the following basic fact. 
By the triangle inequality, the function t → d(p, c(t))−t is monotonically decreasing.
1 Also by the triangle inequality, it satisfies −d(c(0), p) ≤ d(p, c(t)) − t. Thus, the limit in equation (1) exists.
Lemma 2.6. Let c : R + → M be a ray, and let p, q ∈ M be arbitrary points. Then
Proof. Apply the triangle inequality to the triangle with corners p, q, c(t), and take the limit t → ∞.
By Lemma 2.6, any Busemann function is lipschitz, with the lipschitz constant 1.
Proposition 2.7. Let c : R + → M be a ray. A geodesicc : R + → M is a coray to c if and only if for all s, t ∈ R + the equation
Proof. This follows from equations (22.16) and (22.20) in [Bu] .
We use Proposition 2.7 to relax the requirements in Definition 2.1.
Lemma 2.8. Let c : R + → M be a ray, and let
is a point of accumulation of the sequenceċ n (0), thenc is a coray to c.
Proof. We assume without loss of generality that lim n→∞ċn (0) =ċ(0). For every n ∈ N there is a number t n ∈ [0, ∞) such that the sequence ε n = d(c n (L n ), c(t n )) converges to zero. Since the geodesics c n are minimal, the condition lim n→∞ L n = ∞ implies that lim n→∞ t n = ∞. By the triangle inequality, for all n and any
Let s, t > 0 be arbitrary. Using that limċ n (0) =ċ(0) and equation (2), we have
Combining this inequality with Lemma 2.6, we obtain
The claim now follows from Proposition 2.7.
Outline of the proof that nonflat two-tori are insecure
For the benefit of the reader, we will outline the main ideas in the proof of Theorem 6.4 which is Theorem 1 in the Introduction. The methods used in this proof are also typical for several other statements in this paper. Let (T 2 , g) be a non-flat two-dimensional torus; our goal is to find a pair of points in (T 2 , g) that cannot be blocked away from each other by a finite blocking set.
By a classical theorem of E. Hopf [Ho] , a riemannian two-torus is flat if and only if it has no conjugate points. Thus, the torus (T 2 , g) has conjugate points. Then, by a theorem of N. Innami, there exists a nontrivial free homotopy class α of closed curves such that (T 2 , g) cannot be foliated by geodesics in α. See [In] , Corollary 3.2; see also the proof of Theorem 6.1 in [Ba2] .
Let M per α be the set of periodic geodesics of minimal length in the class α. By results that go back to M. Morse [Mo] and G. Hedlund [He] , these geodesics do not self-intersect and are pairwise disjoint. Generically, M per α consists of a single geodesic. The geodesics in M per α foliate a compact, proper subset, N ⊂ T 2 . Let Z ⊂ T 2 be a connected component of T 2 \ N; let p, q ∈ Z be any pair of points. We will show that the pair p, q is insecure, i. e., that we cannot block p away from q by a finite blocking set.
We denote by (R 2 , g) the riemannian universal covering; let π :
The boundary ∂S is a disjoint union of traces of two geodesics, c 0 : R → (R 2 , g) and c 1 : R → (R 2 , g). By Theorem 2.3, the geodesics c 0 , c 1 are minimal. Let C 0 , C 1 be the respective traces; then ∂S = C 0 ∪ C 1 .
Let P, Q 0 ∈ S be arbitrary points such that π(P ) = p, π(Q 0 ) = q. Using the action of the stabilizer of S in π 1 (T 2 ) = Z 2 , we produce an infinite sequence of points Q 1 , . . . , Q n , . . . ∈ S such that π(Q n ) = q and the sequence of distances L n = d(P, Q n ) goes to infinity. Let now c n : [0, L n ] → S be a sequence of minimal geodesics such thatc n (0) = P andc n (L n ) = Q n .
Lemma 5.1 in section 5 implies that most of the time the geodesicsc n are close to ∂S. More precisely, for any ε > 0 there exists T = T (ε) > 0 such that for all t ∈ [T, L n − T ] the pointsc n (t) are ε-close to ∂S. Figure 1 illustrates the behavior of this sequence of geodesics.
Set c n = π •c n . Then the geodesics c n : [0, L n ] → Z join the points p, q. Let z ∈ Z \ {p, q} be an arbitrary point. The preceding discussion implies that at most a finite number of the geodesics c n passes through z. On the other hand, if z ∈ T 2 \ Z, no geodesic in our sequence passes through it. Thus, any point z ∈ T 2 can block at most a finite number of joining geodesics in the infinite sequence c n . Hence, we cannot block the points p, q away from each other by a finite blocking set.
We will now illustrate the preceding discussion with the example of round euclidean tori of revolution.
Example 3.1. Let 0 < r < R, and set C = C(r, R) = {(x, 0, z) :
This is a circle of radius r in the xz-plane. The round euclidean torus of revolution, T 2 = T 2 (r, R) ⊂ R 3 , is obtained by revolving C about the z-axis. Points in C yield the circles of latitude in T 2 . Let α be their free homotopy class. Let the inner equator E in ⊂ T 2 (resp. the outer equator E out ⊂ T 2 ) be the circle of latitude generated by the point (R − r, 0, 0) ∈ C (resp. (R + r, 0, 0) ∈ C). Their lengths are 2π(R − r) and 2π(R + r) respectively. These are the only circles of latitude that are geodesics in the round euclidean torus.
Specializing the preceding discussion to the torus of revolution, we
consists of a single geodesic; although the tori of revolution are very special, this is the generic situation for two-dimensional riemannian tori. See section 8. By the preceding argument, no points p, q ∈ T 2 \ E in can be blocked away from each other by a finite blocking set.
In section 7 we will completely analyze the blocking for a class of two-dimensional tori containing the above tori of revolution.
Minimal geodesics in an admissible strip
We will use the notation of section 3; in particular, we use the identification (T 2 , g) = (R 2 , g)/Z 2 . If S ⊂ R 2 , we denote by Stab(S) = {j ∈ Z 2 : S + j = S} the stabilizer of S. Recall that a nonzero vector j ∈ Z 2 is prime if there do not exist n ∈ N, n ≥ 2, and k ∈ Z 2 such that j = nk.
We will use the notationX for the closure of a set. Proof. By Corollary 3.2 in [In] , there exists a nontrivial free homotopy class, say α, of closed curves in T 2 having the following property: There does not exist a family of closed geodesics in the class α whose traces foliate T 2 . We can assume that α is prime. Let L be the minimal length of a curve in α; we denote by M 
2
Let S be a connected component of π −1 (Z) ⊂ R 2 . Then the boundary of S is the union of the traces of two geodesics c 0 , c 1 : R → R 2 such 2 We point out that Z is homeomorphic to the cylinder S 1 × (0, 1).
Theorem 2.3 implies that c 0 and c 1 are homotopically minimal geodesics. The remaining statements in (a), (b), and (c) now follow by elementary topological arguments; claim (d) follows from Theorem 6.7 in [Ba1] .
In what follows an open set S ⊆ R 2 satisfying the conditions stated in Proposition 4.1 will be called an admissible strip; the projection Z = π(S) ⊆ T 2 is an admissible cylinder.
The key lemma
We will use the setting and the notation of section 4. In particular, S will denote an admissible strip. The following statement is crucial in our proof of Theorem 6.4. We will refer to it as the Key Lemma.
The proof of Lemma 5.1 is based on the results of M. Morse [Mo] about minimal geodesics in S and on a result from [Ba2] concerning the rays in S. We need a few technical lemmas.
Proof. The claim follows from Theorem 3.7 in [Ba2] , interpreted as a statement about minimal geodesics in (R 2 , g). See Example (1) on page 51 in [Ba2] for details.
Throughout this section we will use the following notational conventions. With any geodesic c : R → S we will associate two geodesics c ± : R + → S as follows. The geodesic c + is the restriction of c to the positive half-line. We define the geodesic c − by c − (t) = c(−t).
We will denote by C, C + , C − ⊂ S the respective traces of c, c + , c − .
Definition 5.3. Let c 0 , c 1 : R → S be two geodesics such that their traces C 0 , C 1 are the two components of ∂S. We say that the geodesics c 0 , c 1 are coherently oriented if for any time sequence t n → ∞ the two point sequences c 0 (t n ), c 1 (t n ) ∈ ∂S converge to the same end of S. 
Proof. By Lemma 5.2, c(t) converges to ∂S as |t| → ∞. By Theorem 15 in [Mo] or by Theorem 6.7 in [Ba1] , the equation
Remark 5.5. Let M be a riemannian manifold. If c : I → M is a geodesic, its inverse is the geodesic c −1 : −I → M defined by c −1 (t) = c(−t). Lemma 5.4 is equivalent to the following geometric fact. Let Z ⊂ T 2 be an admissible cylinder. Assume, for simplicity of exposition, that the closure of Z is a proper subset of T 2 . Let c 0 , c 1 :
) be the periodic geodesics in the homotopy class α whose respective traces are the two components of the boundary ∂Z.
Let now c : R → Z be a geodesic whose liftc : R → S is minimal. Then c is a heteroclinic connection either between c 0 and c 1 or between c Our next lemma says that if a ray in S is a coray to a ray in a boundary component of S, then it is asymptotic to this component.
Lemma 5.6. Let c 0 : R → S be a geodesic whose trace is one of the components of ∂S.
Let c : R + → S be a coray to c 0,
Proof. By Theorem 3.7 in [Ba2] , for any q ∈ S there exists a raỹ c : R + → S such thatc(0) = q and lim t→∞ d(c(t), C 0,+ ) = 0. Hence, by Lemma 5.2 and Lemma 2.8,c is a coray to c 0,+ . Set q = c(1), and letc : R + → S be as above. Thus, both c andc are corays to c 0,+ ; by construction,c(0) = c(1). The geodesic t → c(1 + t) is also a coray to c 0,+ starting at q = c(1) =c(0). By Theorem 22.19 in [Bu] or, by Corollary 3.8 in [Ba2] , there is only one coray to c 0,+ starting at q. Figure 3 shows a hypothetical configuration of the rays c andc which cannot materialize.
Therefore, the rayc satisfiesc(t) = c(1 + t). Sincec is asymptotic to C 0,+ , the claim follows. We will now prove a preliminary variant of the Key Lemma.
Lemma 5.7. For any ε > 0 there exists η = η(ε) > 0 such that the following holds. Let 0 < L < ∞, and let c :
Proof. Suppose that the claim fails. Then there exists δ > 0, a sequence of minimal geodesics c n : [0, L n ] → S, and a sequence
The closed strip S is invariant under the group Stab(S) ≃ kZ that acts on S by isometries. We have denoted this action by z → z+rk. We will use the same notation for the corresponding action of Stab(S) on geodesics in S. Then for any integers r 1 , . . . , r n , . . . ∈ Z the sequence of geodesicsc n = c n + r n k satisfies the above conditions. In view of this observation, and the compactness of the quotient S/kZ, we assume without loss of generality that the vectorsċ n (0) converge to a limit vector, v ∈ T 1 (S, g); let p ∈ S be its footpoint. We will now prove that lim n→∞ t n = ∞. If this fails, then, by passing to a subsequence, if need be, we have lim t n = t < ∞. Letc : R → R 2 be the geodesic with the initial vector v. Thenc(0) = p ∈ S, and c(t) = q = lim n→∞ c n (t n ) ∈ C 0 ⊂ ∂S. Since ∂S is geodesic,c intersects it transversally at q. Thus, for t > t and sufficiently close to t, we havẽ c(t) / ∈ S. Figure 4 illustrates the analysis. On the other hand, lim inf
In view of this contradiction, lim t n = ∞.
Since lim d(c n (t n ), C 0 ) = 0 and lim t n = ∞, by Lemma 2.8,c is a coray to c 0,+ or c 0,− . Similarly, lim d(c n (L n ), C 1 ) = 0 and lim L n = ∞ imply, by Lemma 2.8, thatc is a coray to c 1,+ or c 1,− . In view of Lemma 5.6, this is impossible.
We will now prove the Key Lemma. Recall that we view geodesics in S as mappings c : I → S of nontrivial intervals I ⊂ R. For t ∈ I the velocity vectorsċ(t) are unit tangent vectors in (R 2 , g). Thus, length(c) = |I|. If 0 ∈ I, we will refer toċ(0) as the initial vector of c.
Proof. (of Lemma 5.1) Suppose the claim fails. Then for some ε > 0 there exists a sequence of minimal geodesics c n : [0, L n ] → S such that the following conditions are satisfied:
As in the proof of Lemma 5.7, we assume without loss of generality that the velocity vectorsċ n (t n ) converge to a vector v ∈ T 1 (S, g). Let c : R → S be the geodesic such that v =ċ(0). Since all of c n : [0, L n ] → S are minimal, and t n ∈ [n, L n − n], we conclude thatc : R → S is a minimal geodesic. By construction, it satisfies d(c(0), ∂S) ≥ ε.
Let η = η(ε) > 0 be as in Lemma 5.7. By Lemma 5.4, there are
Interchanging C 0 and C 1 , if need be, we may assume that s 0 < s 1 . For any t ∈ R we have lim n→∞ c n (t n + t) =c(t). In particular,c(s 0 ) = lim n→∞ c n (t n + s 0 ) andc(s 1 ) = lim n→∞ c n (t n + s 1 ). Therefore, for sufficiently large n the inequalities d(c n (t n + s 0 ), C 0 ) < η and d(c n (t n + s 1 ), C 1 ) < η hold. Besides, for sufficiently large n we have 0 < t n + s 0 < t n + s 1 < L n .
Let n ∈ N be any index such that the above conditions hold. Set L = t n + s 1 , and let c :
. By Lemma 5.7, this is impossible.
We will also need the following complement to Lemma 5.1.
Proof. By Theorem 14 in [Mo] (see also Theorem 6.8 in [Ba1] ), there exist minimal geodesics c ± : R → S such that lim t→−∞ d(c + (t), C 0,− ) = 0 and lim t→∞ d(c + (t), C 1,+ ) = 0, while lim t→−∞ d(c − (t), C 1,− ) = 0 and lim t→∞ d(c − (t), C 0,+ ) = 0. Hence the geodesics c − and c + intersect; being minimal, they intersect exactly once. Let t − , t + ∈ R be determined by c − (t − ) = c + (t + ). We denote by
If k ∈ Stab(S) then c + − k and c − + k have the same properties as c + and c − . If k is not the identity map, then
A straightforward compactness argument shows that for every ε > 0 there exists r ∈ Z such that the following holds: If p ∈ S and d(p, C 1 ) ≥ ε then there exists j ∈ Stab(S) such that
We set c − = c − +rk, c + = c + −rk and use the preceding statement for p = c(0). Thus, translating c by some j ∈ Stab(S), if necessary, we may assume that c(0) ∈ S(c − , c + ). By the minimality of geodesics c, c − , c + and the inclusions c(0 Remark 5.9. The claim of Lemma 5.8 is geometrically obvious, although a formal proof is somewhat cumbersome. For the benefit of the reader, we indicate how to formalize the last step in the preceding argument. Using the normal exponential map of C 0 , we represent the ends c + ((−∞, −T 0 ]) and c − ([T 0 , ∞)) of c + and c − as graphs over C 0 for sufficiently large T 0 . Then, for sufficiently large t ∈ [0, L] the point c(t) is located between C 0 and one of these graphs.
Nonflat two-dimensional tori are insecure
In this section we prove that every nonflat two-torus has an open set of insecure point pairs. We begin with an auxiliary proposition; it provides a general sufficient condition for a pair of points in a riemannian manifold to be insecure. 
with the following properties:
c) The geodesic c n has no conjugate points in the interval [0, L n ); d) For every ε > 0 there exists T = T (ε) > 0 such that for all n ∈ N and T < t < L n − T we have d(c n (t), A) < ε.
Then p and q cannot be blocked away from each other by a finite blocking set.
Proof. In the course of proof we will pass repeatedly from sequences of geodesics to infinite subsequences. In order to avoid cumbersome notation, we will use the following convention. Let a k be an infinite sequence. We will denote its infinite subsequences by a k again, as opposed to, say, a n k . Assume that the claim fails. Then there is a point z ∈ M \ {p, q} and infinitely many n ∈ N such that z = c n (t n ) for some t n ∈ (0, L n ). Passing to a subsequence, we assume that for all n ∈ N there exist t n ∈ (0, L n ) such that z = c n (t n ). Set
Let T = T (ε) be as in condition d). Passing to a subsequence, if need be, and using condition d), we obtain that either t n ∈ (0, T ) or
Consider first the case t n ∈ (0, T ). Again passing to a subsequence, we assume that lim n→∞ t n =t exists, and the geodesics c n converge to a geodesic c : [0, ∞) → M. Thus, we have
for all n ∈ N. Since c(0) = p and z = p, we conclude thatt > 0. By conditions a) and c), the geodesic c has no conjugate points. This contradicts equation (6), unless we have c n = c| [0, Ln] for almost all n ∈ N. Suppose this is the case. Then, by condition a), there are positive
On the other hand, by condition d), we have d(c m (L n ), A) < ε. This contradicts our choice of ε ≤ d(q, A). Thus, we have arrived at a contradiction.
It remains to consider the case t n ∈ (L n − T, L n ). Observe that our setting is symmetric with respect to the interchange of p and q and simultaneous reversal of the time direction. This symmetry flips the two cases at hand. Thus, the assumption t n ∈ (L n − T, L n ) leads to a contradiction as well.
Our next result yields the existence of a nonempty open set of insecure point pairs in a nonflat two-torus. Proof. We apply Proposition 6.1 to our torus, with A = ∂Z. Let S be an admissible strip corresponding to Z; let P ∈ S, Q ∈ S be such that π(P ) = p, π(Q) = q. Let k ∈ Stab(S) be as in section 4. For every n ∈ N we choose a minimal geodesicc n : [0,
By definition, this is a sequence of geodesics c n : [0, L n ] → T 2 from p to q. Next, we check that the assumptions of Proposition 6.1 are satisfied. Assumptions a) and c) are satisfied by construction. Assumption b) is satisfied because p ∈ Z and the set A = ∂Z is totally geodesic. Assumption d) follows from Lemma 5.1 when q ∈ Z and from Lemma 5.8 when q ∈ ∂Z.
Remark 6.3. The preprint [WKH] gives an argument to show the insecurity for pairs (p ∈ Z, q ∈ ∂Z). This observation is not contained in [BaG08] which is a preliminary version of the present paper.
Theorem 6.4. A two-dimensional riemannian torus is secure if and only if it is flat.
Proof. By [Gut05] or [GS06] , a flat torus is secure. Theorem 6.2 implies the existence of insecure point pairs in any nonflat two-torus.
We point out that the flat tori are distinguished amongst all riemannian two-tori by the security of pairs y = x. Proof. It suffices to show that a nonflat riemannian two-torus contains at least one point that cannot be blocked away from itself. Let Z be an admissible cylinder. Then any point x ∈ Z cannot be blocked away from itself.
Blocking and insecurity for tori of revolution
By a two-torus of revolution we will mean the cartesian square T 2 of the standard circle T = R/Z with the riemannian metric
The somewhat more general T -invariant riemannian tori
reduce to the torus of revolution equation (7) by a change of variables.
Thus, our torus of revolution is determined by the positive function f : T → R + . To emphasize the dependence on f we will sometimes denote the riemannian torus in equation (7) by T 2 f . We will assume that f is strictly positive and infinitely differentiable.
Our analysis is based on the symmetries of T 2 f . The riemannian metric in equation (7) is invariant with respect to the action of T on T 2 by (x, y) → (x + a, y). Besides rotations ρ a (x) = x + a mod 1, the isometry group of T contains reflections. With each a ∈ T we associate the reflection σ a (x) = 2a − x mod 1. Then σ a is orientation reversing; it has two fixed points: a, a + Proof. Let F, G be transformations of T . We denote by F × G the transformation of T 2 given by (x, y) → (F (x), G(y)). For arbitrary points p, q ∈ T let F p,q : T → T be the unique reflection interchanging p and q. If r ∈ T is any of the two midpoints between p and q, then F p,q = σ r . We set (9) ϕ p,q = F p,q × σ a .
Then ϕ p,q : T 2 → T 2 is an involution: ϕ 2 p,q = Id; it has exactly 4 fixed points.
The coordinate vector fields ∂/∂x, ∂/∂y on T 2 yield global coordinates on the tangent bundle to T 2 f . Let X be a tangent vector to T 2 . The unique decomposition X = ξ ∂ ∂x + η ∂ ∂y defines the isomorphism X → ((x, y), (ξ, η)) of the tangent bundle and T 2 × R 2 . If the base point of a tangent vector X is clear from the context, we will identify X with (ξ, η) ∈ R 2 . Let H : T 2 → T 2 be a diffeomorphism. Our isomorphism identifies the differentials D (x,y) H with 2 × 2 matrices. By equation (9), we have (10) D (x,y) ϕ p,q = −Id identically on T 2 .
From now on, we view T 2 as the riemannian torus of revolution T 2 f . Let y ∈ T . By analogy with the round euclidean torus, we define the circles of latitude as L y = T × {y} ⊂ T 2 f . Let X be the tangent vector with the base point (x, y) and the representation X = (ξ, η). The function on the tangent bundle given by
is the Clairaut integral for the geodesic flow on the tangent bundle of T 2 f [Kl] . Let c : R → T 2 f be a geodesic. Set c(t) = (x(t), y(t)),ċ(t) = (ẋ(t),ẏ(t)). Let t 1 = t 2 be such that y(t 1 ) = y(t 2 ). Then, from equations (7), (11) (12)ẋ(t 1 ) =ẋ(t 2 ), |ẏ(t 1 )| = |ẏ(t 2 )|.
Suppose now that c(0) ∈ L a . Then, by equations (7) and (11) (13) min t∈R |ẏ(t)| = |ẏ(0)|.
By equation (13), the geodesics c(t) = (x(t), y(t)) in T 2
f that intersect the circle L a satisfy the following dichotomy: Eitherẏ(t) ≡ 0 orẏ(t) does not change sign. In the former case, the trace of c is L a . In the latter case, the geodesic c winds around T 2 f crossing every circle of latitude transversally, as opposed to oscillating between two circles of latitude. Thus, for the geodesics c : R → T 2 f intersecting the circle L a , equation (12) becomes (14)ẋ(t 1 ) =ẋ(t 2 ),ẏ(t 1 ) =ẏ(t 2 ).
Let λ be the free homotopy class of the circles of latitude. By condition i) on f , the closed curve L a ⊂ T 2 f is the unique minimal geodesic in λ. In view of Theorem 6.2, it suffices to show that any pair of points in L a is secure. To simplify notation, we will use the shorthand
f from equation (9) are isometries. We denote by G p,q the set of geodesics c : R → T 2 f such that for some t p < t q we have c(t p ) = p, c(t q ) = q. Restricting these geodesics to [t p , t q ] and taking their traces, we obtain the set Γ p,q of geodesic segments connecting p and q. Note that Γ q,p = Γ p,q . By equation (9), ϕ p,q : G p,q → G q,p , and hence ϕ p,q (Γ p,q ) = Γ p,q . We will now show that actually ϕ p,q maps every geodesic segment c ∈ G p,q to itself.
Let c ∈ G p,q . By equation (14),ċ(t p ) =ċ(t q ). In view of equation (10), every geodesic geodesic segment connecting p and q is invariant under ϕ p,q . Since ϕ p,q interchanges p and q, it fixes the midpoint of each γ ∈ Γ p,q . Thus, the midpoint, say m(γ), of any γ ∈ Γ p,q is one of the four fixed points of ϕ p,q . It may happen that m(γ) = p. Then γ is a multiple of a prime geodesic segment β ∈ Γ p,q . Applying the same argument to β, we conclude that the set of fixed points of ϕ p,q minus the set {p, q} is a blocking set for Γ p,q . Remark 7.2. A pair {p, q} in a riemannian manifold is midpoint secure if the set of midpoints of geodesics γ ∈ Γ p,q is finite. A manifold is midpoint secure if every pair in M is midpoint secure. Flat manifolds are midpoint secure. Secure pairs in compact symmetric spaces are midpoint secure [GS06] . By our proof of Proposition 7.1, a pair in a torus of revolution is either insecure or midpoint secure. These examples seem to suggest that security is equivalent to the midpoint security. This is false, however. P. Herreros [Her] gave an example of a riemannian two-sphere with a large family of point pairs that are secure but not midpoint secure. Proof. We will refer to T 2 (r, R) ⊂ R 3 as the round euclidean torus. In the standard angular coordinates 0 ≤ α, β ≤ 2π the round euclidean torus has the metric
Since the round euclidean torus is a special case of the torus in equation (8), we reduce it to a torus of revolution T 2 f of equation (7). In this representation we have f (y) = R − r cos(2πy), up to a constant factor. This function has a unique minimum, f (0) = R − r, and is invariant under the reflection σ(y) = −y mod 1. Hence, Proposition 7.1 and Remark 7.2 apply.
Insecurity for all point pairs in a two-dimensional torus
In the preceding section we saw that there are nonflat two-tori with some secure point pairs. Now we will prove that such tori are exceptional. We will exhibit a C 2 -open and C ∞ -dense subset G tot of the space of riemannian metrics on the two-torus such that for metrics in G tot every pair (p, q) ∈ T 2 × T 2 is insecure.
We will recall a few well known facts about homotopically minimal geodesics on an arbitrary riemannian two-torus (T 2 , g). First, we explain what we mean by the homological direction of a homotopically minimal geodesic c : R → T 2 . Ifc : R → R 2 is a lift of c, then there is a strip bounded by two parallel lines in R 2 that containsc. The minimality of c implies thatc is proper and separates the boundary components of the strip. This was first proven by G.A. Hedlund [He] . See also [Ba1] , Theorem 6.5. Moreover,c determines an orientation for the parallel lines in the strip. This oriented direction can be viewed as an element in the quotient of R 2 \ {0} by the multiplicative action of R + . Representing T 2 as R 2 /Z 2 , as usual, we identify Z 2 ⊂ R 2 with H 1 (T 2 , Z) and R 2 with H 1 (T 2 , R). The homological direction [h] ∈ (H 1 (T 2 , R) \ {0})/R + of the homotopically minimal geodesic c is the oriented direction of a strip that contains a lift of c. Let c be a periodic geodesic of minimal length in its free homotopy class. Then c is homotopically minimal, by Theorem 2.3. Let h = h(c) be its homology class. Then the homological direction of c is the image of h(c) ∈ H 1 (T 2 , Z) in the quotient (H 1 (T 2 , R) \ {0})/R + .
Alternatively, one can define the homological direction of a homotopically minimal geodesic as follows. Let c : R → T 2 be one. Let s i , t i ∈ R, i ∈ N, be two infinite sequences such that s i < t i and t i − s i → ∞. Let γ i , i ∈ N, be arbitrary curves from c(t i ) to c(s i ) such that their lengths are uniformly bounded. We will denote by α * β the concatenation of curves α and β whenever it is defined. Let Let S be an oriented surface. Let v 1 , v 2 be linearly independent tangent vectors with the same base point in S. We set ε(v 1 , v 2 ) = 1 if the pair v 1 , v 2 is positively oriented, and ε(v 1 , v 2 ) = −1 otherwise.
Then the sign of the homological intersection h 1 · h 2 does not depend on the choices of h i ∈ [h i ]. Hence, we will use the notation sgn (h 1 · h 2 ) ∈ {0, ±1}.
We will need the following property of homotopically minimal geodesics on a two-torus.
Suppose that sgn (h 1 · h 2 ) = 0. Then for any t 1 , t 2 ∈ R such that c 1 (t 1 ) = c 2 (t 2 ), we have
Proof. Letc i : R → R 2 , i = 1, 2, be the lifts of c i such thatc 1 (t 1 ) = c 2 (t 2 ). We will prove that ε(ċ 1 (t 1 ),ċ 2 (t 2 )) = sgn (h 1 · h 2 ).
We identify H 1 (T 2 , R) with R 2 , as always, and set l i = {th i : t ∈ R} where i = 1, 2. Note that l 1 , l 2 are oriented straight lines in R 2 . For (s, t) ∈ R × [0, 1] and i = 1, 2, set
2 is a homotopy betweenc i and the line l i . Set K = {(s, t) ∈ R × [0, 1] : H 1 (s, t) ∈ l 2 }. By remarks in the beginning of this section, K is a compact subset of R × [0, 1]. Standard arguments from differential topology 3 show that the oriented intersection numbers #(c 1 ,c 2 ), #(c 1 , l 2 ), #(l 1 ,c 2 ) are defined and satisfy (16) #(c 1 ,c 2 ) = #(c 1 , l 2 ) = #(l 1 , l 2 ).
We obviously have
Sincec 1 ,c 2 are minimal geodesics, they intersect exactly once, and transversely, at the pointc 1 (t 1 ) =c 2 (t 2 ). Hence (18) #(c 1 ,c 2 ) = ε(ċ 1 (t 1 ),ċ 2 (t 2 )).
Equations (16) - (18) 
Proof. Denote by L i the minimal period of c i . Since c 1 and c 2 intersect transversely, we have
where the sum is over all pairs (
Since h 1 , h 2 ∈ H 1 (T 2 , R) are prime, the curves c 1 :
. Now our claim follows directly from equation (19).
We will investigate riemannian metrics on the two-torus. We denote by G 1 , G 2 the sets of riemannian metrics on T 2 satisfying the conditions G 1 , G 2 respectively:
does not admit a foliation by homotopically minimal geodesics with the homological direction [h];
(G 2 ) There exist integral homology classes h 1 , h 2 ∈ H 1 (T 2 , R) such that h 1 · h 2 = 1 and for each i = 1, 2 there is a unique minimal periodic geodesic in the class h i .
We will now show that for g ∈ G 1 ∩ G 2 any point pair in (T 2 , g) is insecure. Proof. Suppose the claim is false, and let (p, q) be a secure pair of points in our torus. Let h 1 , h 2 ∈ H 1 (T 2 , R) be as in condition (G 2 ); we denote by c 1 ∈ h 1 , c 2 ∈ h 2 the unique minimal periodic geodesics in these classes. Then Z i = T 2 \ c i (R) are admissible cylinders. By Theorem 6.2, both points p, q belong to the sets c 1 (R), c 2 (R). Thus, {p, q} ⊂ c 1 (R) ∩ c 2 (R).
By Corollary 8.2, the geodesics c 1 , c 2 intersect at a unique point. Thus p = q, and {p} = c 1 (R) ∩ c 2 (R). We will now study the geodesics in (T 2 , g) passing through p.
In view of Theorem 6.2, we know that for any free homotopy class of prime periodic geodesics, there exists a minimal geodesic in this class passing through p. Taking limits of these geodesics, we conclude that for every h ∈ H 1 (T 2 , R) \ {0} there exists a homotopically minimal geodesic with the homological direction [h] passing through p. By Theorem 6.7 and Theorem 6.9 in [Ba1] , this geodesic is uniquely determined by [h]. We denote it by c([h]). Let UT 
By Theorem VII in [He] , or by Remark (2) on page 32 in [Ba1] , there is a uniform bound on the widths of the strips in R 2 containing lifts of homotopically minimal geodesics. It follows that the map Φ is continuous. Since it is also injective, we conclude that Φ is a homeomorphism. Therefore, every geodesic in (T 2 , g) passing through p is homotopically minimal.
We have shown that p is a pole for the riemannian torus (T 2 , g). This means that any geodesic passing through p has no points conjugate to p. Now we use the following result of [Ba4] : If (T 2 , g) has a pole, then for every [h] ∈ (H 1 (T 2 , R) \ {0})/R + the torus admits a foliation by minimal geodesics with the homological direction [h] . Thus, the riemannian torus (T 2 , g) does not satisfies condition (G 1 ). We have arrived at a contradiction.
We have shown that for riemannian tori (T 2 , g), where g ∈ G 1 ∩ G 2 , every pair of points is insecure. Recall that a closed geodesic γ is nondegenerate if the linearized Poincaré map for γ does not have eigenvalue 1.
Let G 3 ⊂ G 2 be the set of tori (T 2 , g) satisfying the following strengthening of condition (G 2 ):
(G 3 ) There exist integral homology classes h 1 , h 2 ∈ H 1 (T 2 , R) such that h 1 · h 2 = 1 and there is a unique minimal periodic geodesic in the class h i , i = 1, 2. Moreover, these geodesics are nondegenerate. Proof. Let h ∈ H 1 (T 2 , R)\{0} be an integral class. Denote by G 1 (h) the set of metrics that do not admit a foliation by homotopically minimal geodesics with homological direction [h]. We will prove first that
c of G 1 (h), i. e., there exists a foliation F of T 2 by homotopically minimal geodesics (with respect to g) of homological direction [h] . Then F has the following structure: i) The torus contains a nonempty closed subset foliated by periodic geodesics in F ; ii) The complement to this set is either empty or it is a disjoint union of admissible cylinders foliated by geodesics in F that are heteroclinic to the boundary geodesics of the cylinder. See, e. g., [Ba1] , Theorem 6.6 and Theorem 6.7.
We will now show that if not all of T 2 is foliated by periodic geodesics in F , then g can be C ∞ -approximated by a sequence in G 1 (h). Let Z ⊂ T 2 be an admissible cylinder foliated by heteroclinic geodesics in F . We choose two minimal heteroclinic geodesics c − : R → Z and c + : R → Z, one for each of the two possibilities; see Lemma 5.4. Then
is a nonempty open subset of Z. We choose p ∈ U and a sequence g k of riemannian metrics such that a) g k ≥ g, b) g k | p > g| p , and c) g k | T 2 \U = g| T 2 \U . It follows that each of the tori (T 2 , g k ) has neither a heteroclinic nor a periodic homotopically minimal geodesic with homological direction [h] passing through p. Hence g k ∈ G 1 (h) for all k ∈ N. This proves that G 1 (h) is C ∞ -dense in the set of all metrics on T 2 that do not admit a foliation by periodic minimal geodesics of direction [h] .
It remains to prove that every metric that admits such a foliation can be C ∞ -approximated by metrics that do not admit such a foliation. This can be shown by a perturbation argument, which is similar, but simpler, than the argument in the first part of the proof.
To prove that G 1 is open in the C 2 -topology, it suffices to show that
This fact is closely related to the convergence properties for invariant circles of monotone twist maps. For the benefit of the reader, we will outline a proof.
Let g i ∈ G 1 (h) c be an infinite sequence such that g i → g in the C 2 -topology. Let F i , i = 1, 2, . . . , be the corresponding foliations of T 2 . Denote by U i the vector field formed by the unit tangent vectors on (T 2 , g i ) tangent to the foliation F i . Then the sequence U i is equicontinuous, since the vector fields U i are uniformly lipschitz. See [So] or [Mat] . By the Arzela-Ascoli theorem, there is a subsequence of vector fields U i that converges to a g-unit tangent vector field U. The integral curves of U form a foliation F of (T 2 , g) by homotopically g-minimal geodesics. The widths of the parallel strips containing the lifts of the geodesics in the foliations F i to R 2 can be chosen uniformly bounded. See, e. g., the proof of Remark (2) on p. 32 in [Ba1] .
4 It follows that the geodesics in F have homological direction [h] . Hence, g ∈ G 1 (h) c .
Lemma 8.6. The set G 3 of riemannian metrics on the two-torus sat-
Proof. First, we will show that G 3 is C 2 -open. Suppose that g satisfies condition (G 3 ) for integer classes h 1 , h 2 ∈ H 1 (T 2 , R) with h 1 · h 2 = 1. Let c 1 , c 2 be the unique g-minimal periodic geodesics in the classes h 1 , h 2 respectively. Let g k , k ≥ 1, be a sequence of riemannian metrics on T 2 converging to g in the C 2 -topology. We will show that all but a finite number of the metrics g k satisfy condition (G 3 ) with the classes h 1 , h 2 .
Suppose first that an infinite subset of these metrics has several minimal periodic geodesics in one of the homology classes, say h 1 . Relabelling the indices, we obtain a sequence of riemannian metrics g k converging to g and such that there exist distinct g k -minimal periodic geodesics c Deleting a finite number of indices, we assume without loss of generality that for all k ∈ N the metrics g k have unique minimal periodic geodesics c
k in the classes h 1 , h 2 respectively. We claim that for all but a finite number of indices the geodesics c
k are nondegenerate. We may assume that we have the convergence c
Since the geodesic flows of (T 2 , g i ) converge in the C 1 -topology to the geodesic flow of (T 2 , g), and the limit geodesics are nondegenerate, we obtain the claim.
We have shown that G 3 is C 2 -open. We will now prove that G 3 is C ∞ -dense. Let g be any C ∞ metric on the torus. Let h 1 , h 2 be any integer homology classes such that h 1 · h 2 = 1. Let c 1 ∈ h 1 , c 2 ∈ h 2 be g-minimal periodic geodesics.
Let f be a nonnegative C ∞ function on T 2 satisfying the following conditions:
b) For i = 1, 2 there exists a unit tangent vector v i for the torus (T 2 , g) with base point in c i (R) which is normal to c i (R) and
See figure 6. Let λ > 0. We define the riemannian torus (T 2 , g λ ) by g λ = (1 + λf )g. By condition a), the curves c i : R → T 2 are the unique g λ -minimal periodic geodesics in the classes h i , i = 1, 2. We claim that for all λ > 0 the g λ -geodesics c 1 , c 2 are nondegenerate.
Assume the opposite, i. e., that for some λ > 0 one of them, say c 1 , is a degenerate g λ -geodesic. Then there exists a nontrivial, periodic, normal g λ -Jacobi field Y along c 1 . Let exp λ be the exponential map of g λ . For τ ∈ R denote by α τ (t) = exp λ (τ Y (t)) the normal variation of c 1 induced by Y . Let L λ denote the length with respect to g λ ; let L be the length with respect to g. The formula for the second variation of arc-length 5 implies
On the other hand, since the Jacobi field Y has only isolated zeros, we have
and using equations (21) and (22), we obtain
This contradicts equation (20), and hence proves our claim. Thus, g λ ∈ G 3 for all λ > 0. By construction, (T 2 , g λ ) converges to (T 2 , g) as λ → 0. Since g is an arbitrary metric, this completes the proof.
Proof of Proposition 8.4. We recall that G 1 (resp. G 3 ) is the set of riemannian tori (T 2 , g) satisfying condition (G 1 ) (resp. (G 3 )). By Lemmas 8.5 and 8.6, G 1 and Proof. Set G tot = G 1 ∩ G 3 . By Proposition 8.4, G tot is a C 2 -open and C ∞ -dense subset of the set of riemannian tori. By Theorem 8.3, for g ∈ G tot , every pair of points in (T 2 , g) is insecure.
Total insecurity for surfaces of genus greater than one
In this section we will prove that on every closed riemannian surface M of genus greater than one every point pair is insecure. Replacing M by a two-sheeted covering space, if necessary, we can assume without loss of generality that M is oriented. The basic idea is simple and has already been used to prove the total insecurity of admissible cylinders. See Theorem 6.2.
Besides the given metric g on M, we consider a "background metric" g 0 of curvature −1 on M. Then the universal riemannian covering of (M, g 0 ) can be identified with the open unit disc D ⊆ C with the standard hyperbolic metric; thus, we have a covering π : D → M such thatg 0 = π * g 0 is the standard hyperbolic metric. We will say that the geodesics, distances, etc, with respect to g 0 org 0 are the hyperbolic geodesics, distances, etc. Note thatg 0 and the lifted metricg = π * g are lipshitz equivalent.
The proof of Theorem 9.7, which is the main result in this section, crucially uses fundamental facts due to M. Morse [Mo] . For convenience of the reader, we give their complete statements below.
Theorem 9.1 invokes the standard notion of the Hausdorff distance between subsets of a metric space. We do not specify the metric in the statement of the theorem because lipschitz equivalent metrics yield equivalent Hausdorff distances. By a geodesic segment we will mean the trace of a geodesic, when the endpoints are specified. In view of Theorem 9.1, everyg-minimal geodesic c : R → D is a uniformly bounded distance away from some hyperbolic geodesic. Therefore, there are distinct points c(−∞), c(∞) ∈ ∂D such that we have lim t→±∞ c(t) = c(±∞).
6 The statement below directly follows from the fact that complete minimal geodesics intersect at most once. Let α be a nontrivial free homotopy class of closed curves in M that contains a simple closed curve. We will construct ag-convex set E ⊆ D. In our proof of Theorem 9.7 the set E will be a counterpart of the strip S ⊆ R 2 in the proof of Theorem 6.2 on the insecurity of nonflat tori. There are two cases to consider.
Case (i): There is a unique periodic geodesic, say c + , of minimal glength in the homotopy class α. We denote by Z α ⊂ M the trace of c + . Case (ii): There are at least two periodic geodesics of minimal g-length in the class α. It follows from Theorem 9.3 and Theorem 9.4 that there exist two such geodesics bounding a closed cylinder Z α ⊂ M that contains every periodic geodesic of minimal g-length in the class α. We denote these geodesics by c + and c − , so that Z α is to the left of c − . Figure 7 and figure 8 illustrate the cases (i) and (ii) respectively. In particular, Z α ≃ S 1 in case (i) and
We choose a lift, sayc + , of c + to D. Now we define E to be the connected component of D \ π −1 (Z α ) whose boundary containsc + and which lies to the left ofc + . Note that the latter condition is automatically satisfied in case (ii). See figure 9 and figure 10 for illustration. Sincec(R) disconnects D and since the geodesics c andc intersect transversely, there exists t 1 ∈ (t 0 , L) such that c(t 1 ) ∈c(R). By Theorem 2.3, the geodesicc isg-minimal. Hence, theg-minimal geodesic c intersectsc at most once. b) Sinceα is a deck transformation, it preserves any set of the form π −1 (X), X ⊂ M. In particular,α (π −1 (Z α )) = π −1 (Z α ). Besides, by our choice of α, we haveα(c + (R)) =c + (R). Sinceα preserves the orientation, the claim follows. 1] ) ⊂ E, and henceγ(1) ∈ E. Since π(γ(1)) = p, the claim follows.
In the following lemma we crucially use that the genus of M is greater than one.
Lemma 9.6. For every pair (p, q) ∈ M × M there exists a free homotopy class α of closed curves in M with the following properties:
a) The class α is homologically nontrivial and contains a simple closed curve; b) We have {p, q} ⊂ M \ Z α .
Proof. Since the genus of M is at least two, there exist free homotopy classes of closed curves in M, say α 1 , α 2 , α 3 , that satisfy condition a) and have pairwise disjoint representatives. Moreover, we can assume that the homology classes of α 1 , α 2 , α 3 are pairwise linearly independent. See figure 11 .
Let Z α 1 , Z α 2 and Z α 3 be the corresponding subsets of M. See the discussion following Theorem 9.4. It follows from Theorem 9.2 that the sets Z α 1 , Z α 2 and Z α 3 are pairwise disjoint. Therefore at least one of the classes α 1 , α 2 , α 3 satisfies condition b).
We will now prove the main result of this section.
Theorem 9.7. Every closed riemannian surface M of genus greater than one is totally insecure.
Proof. Let (p, q) ∈ M × M be an arbitrary pair of points. We choose a free homotopy class α according to Lemma 9.6; let E ⊂ D be as in Lemma 9.5. By claim c) of Lemma 9.5, there exist points x, y ∈ E such that π(x) = p, π(y) = q. Letα : D → D be the covering transformation from Lemma 9.5 b). For n ∈ Z we set y n =α n (y).
By claim b) of Lemma 9.5, y n ∈ E for all n ∈ Z. For every positive integer n letc n : [0, L n ] → D be ag-minimal geodesic from x to y n . By claim a) of Lemma 9.5, all curvesc n ([0, L n ]) are contained in E. We will show that the projections c n = π •c n : [0, L n ] → M satisfy conditions a)-d) of Proposition 6.1, if we set A = Z α .
Letd(·, ·)) be the distance in D corresponding to the metricg. Since lim n→∞d (x, y n ) = ∞, we have lim L n = ∞, i. e. condition a) of Proposition 6.1 is satisfied. The curvesc n ([0, L n ]) are contained in E and, by claim c) of Lemma 9.5, π(E) ⊂ M \ A; hence condition b) holds. Since the geodesicsc n areg-minimal, the geodesic segments c n ([0, L n )) have no conjugate points, which verifies condition c).
Suppose now that condition d) of Proposition 6.1 is not fulfilled. Then there is ε > 0, such that for all k ∈ N there is an integer n k > 0 and a number t k ∈ [k, L n k − k] such that (24)d(c n k (t k ),c + (R)) ≥ ε.
Observe thatd(c n (L n ),c + (R)) =d(y,c + (R)) < ∞. Theorem 9.1 and standard facts from hyperbolic geometry imply that there exists a constant R such that for all n ∈ N and all t ∈ [0, L n ] we have (25)d(c n (t),c + (R)) ≤ R. The group {α n : n ∈ Z} acts cocompactly on the set {z ∈ D : d(z,c + (R)) ≤ R}. Therefore, there is a sequence m k such that the sequence of geodesics t →α m k •c n k (t k + t)
converges to ag-minimal geodesic c : R →Ē.
By equation (25), the geodesic c satisfiesd(c(t),c + (R)) ≤ R for all t ∈ R; hence (26) {c(∞), c(−∞)} = {c + (∞),c + (−∞)}.
Equation (26) and Theorem 9.4 imply that the trace of c is either equal to the trace ofc + (in Case (i)) or is contained in the closed strip S bounded by the traces ofc + andc − (in Case (ii)). Since c(R) ⊂Ē, we conclude that c =c + , up to parameterization. On the other hand, since c(0) is the limit point of the sequenceα m k •c n k (t k ), by equation (24), we haved(c(0)),c + (R)) ≥ ε > 0, a contradiction.
We have shown that condition d) of Proposition 6.1 also holds. Thus, Proposition 6.1 applies and establishes the claim.
